Entangled quantum states are an important component of quantum computing techniques such as quantum error-correction, dense coding and quantum teleportation. We determine the requirements for a state in the Hilbert space C C for N to be entangled and a solution to the corresponding "factorization" problem if this is not the case. We consider the implications of these criteria for computer algebra applications.
Entanglement
Entanglement is the characteristic trait of quantum mechanics which enforces its entire departure from classical lines of thought [1 -6] . We consider entanglement of pure states. Let 1 and 2 be two finite dimensional Hilbert spaces. Thus a basic question in quantum computing is as follows: given a normalized state in the Hilbert space 1 2 , can two normalized states and in the Hilbert spaces 1 and 2 respectively be found such that =
In other words, what is the condition on such that and exist? If no such and exist then is said to be entangled. The measure for entanglement for pure states ( ) is defined as follows [6] :
where the density operators are defined as 
Tr denotes the trace and Tr 1 denotes the partial trace over 1 . We use the base for the logarithm log . We have 0 log 0 = 0 and 1 log 1 = 0. Thus 0 1. If = 1 we call the pure state maximally entangled.
0932-0784 / 02 / 0800-0689 $ 06.00 c Verlag der Zeitschrift für Naturforschung, Tübingen www.znaturforsch.com If = 0, the pure state is not entangled. We note that
where = 1 are the eigenvalues of , and is an operator on a dimensional Hilbert space.
Next we describe the relation between conditions for entanglement and the measure of entanglement introduced above. The cases = = 2 and = = 3 have been discussed by Steeb and Hardy [3, 4] . We prove that, if can be written as the Kronecker product then ( ) = 0, and conversely, if ( ) = 0 it follows that can be written as .
Conditions for Separability
Let := dim( 1 ), := dim( 2 ),
be an orthonormal basis for 1 , and
be an orthonormal basis for 2 . Thus Thus we see that the tensor product is equivalent to considering the Kronecker product [7] . To ensure that is the product state of and we must have 
We will omit the subscripts 1 and 2 since the Hilbert space will be clear from the context. Since
we find for the density operator 
Thus the two conditions for separability are equivalent.
Implications for Computer Algebra
The condition ( 1 ) = 0 is a compact criterium for separability, so we should ask the question, when are the conditions (13) we have derived useful? The condition involves equations quadratic in , so at least there are only a polynomial number of tests in and . In a computer algebra application the density operators will in general be symbolic. The condition ( 1 ) = 0 involves determining the rank of 1 . This could be determined by Gauss elimination, which involves a total of ( ) 2 + ((min ) 3 ) multiplications, including the calculation of the density matrix from the pure state. Here the criterium is independent of basis, whereas our condition relies on the choice of a particular basis. However, in computer algebra applications we usually choose a basis before any computation, and changing the basis is a simple computational task. Our criterium is simpler to test and involves less than 1 2 ( ) 2 multiplications. Thus in applications such as finding quantum algorithms using genetic programming [8] where efficiency in determining fitness is important, it may be useful and more efficient to apply our criteria. Of course testing for entanglement is important since entanglement is a necessary criterium for universal quantum computation.
